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STABLE MINIMAL HYPERSURFACES
IN THE HYPERBOLIC SPACE
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Abstract. In this paper we give an upper bound of the first eigenvalue of the
Laplace operator on a complete stable minimal hypersurface M in the hyper-
bolic space which has finite L2-norm of the second fundamental form on M .
We provide some sufficient conditions for minimal hypersurface of the hyper-
bolic space to be stable. We also describe stability of catenoids and helicoids
in the hyperbolic space. In particular, it is shown that there exists a family of
stable higher-dimensional catenoids in the hyperbolic space.
Mathematics Subject Classification(2000) : 53C40, 53C42
Key Words and Phrases : stable minimal hypersurface, hyperbolic space, first
eigenvalue.
1. Introduction
In [6], Cheng, Li and Yau derived comparison theorems for the first eigenvalue
of Dirichlet boundary problem on any compact domain in minimal submanifolds of
the hyperbolic space by estimating the heat kernel of the compact domain. Recall
that the first eigenvalue λ1 of a complete non-compact Riemannian manifold M is
defined by λ1 = infΩ λ1(Ω), where the infimum is taken over all compact domains
in M . Throughout this paper, we shall denote by Hn the n-dimensional hyperbolic
space of constant sectional curvature −1. Recently Candel [2] gave un upper bound
for the first eigenvalue of the universal cover of a complete stable minimal surface
in H3. Indeed, he proved
Theorem ([2]). Let Σ be a complete simply connected stable minimal surface in
the 3-dimensional hyperbolic space. Then the first eigenvalue of Σ satisfies
1
4
≤ λ1(Σ) ≤ 4
3
.
In Section 2, we extend this theorem to simply connected stable minimal surfaces
in a Riemannian manifold whose sectional curvature is bounded below and above
by negative constants (Theorem 2.1). For a complete stable minimal hypersurface
M in Hn+1, Cheung and Leung [8] proved that
1
4
(n− 1)2 ≤ λ1(M).(1.1)
Here this inequality is sharp because equality holds when M is totally geodesic
([12]). In this paper, it is proved that ifM is a complete stable minimal hypersurface
in Hn+1 with finite L2-norm of the second fundamental form A, then we have
(Theorem 2.2)
λ1(M) ≤ n2.
Recall that a minimal hypersurface is called stable if the second variation of its
volume is always nonnegative for any normal variation with compact support. More
precisely, an n-dimensional minimal hypersurface M in a Riemannian manifold N
1
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is called stable if it holds that for any compactly supported Lipschitz function f on
M ∫
M
|∇f |2 −
(
|A|2 +Ric(ν, ν)
)
f2dv ≥ 0,(1.2)
where ν is the unit normal vector of M , Ric(ν, ν) denotes the Ricci curvature of N
in the ν direction, |A|2 is the square length of the second fundamental form A, and
dv is the volume form for the induced metric on M . Note that when N = Hn+1,
Ric(ν, ν) is equal to −n.
In Section 3, we give some conditions for complete minimal hypersurfaces in
H
n+1 to be stable as follows. If the L∞-norm of the second fundamental form is
sufficiently small at every point in a complete minimal hypersurface M , then M is
stable (Theorem 3.1). Moreover if the Ln-norm of the second fundamental form is
sufficiently small, then M is stable (Theorem 3.2).
In 1981, Mori [13] explicitly described a one-parameter family of complete stable
minimal rotation surfaces in H3. This example shows that a theorem due to do
Carmo and Peng [4] and Fischer-Colbrie and Schoen [10] which says that a complete
stable minimal surface in R3 must be a plane, does not hold in H3. Two years
later, do Carmo and Dajczer [3] found a larger family of complete minimal rotation
surfaces which are also stable. In Section 4, we study stability of catenoids in the
hyperbolic space. In [3], it was shown that there exist a one-parameter family of
unstable catenoids Ma in H
3 for 1/2 < a < 0.69. We improve the upper bound
of a by estimating the L2-norm of |∇|A|| in terms of the L2-norm of the second
fundamental form A (Theorem 4.1). We also prove that the above unstable catenoid
in H3 should have index one (Theorem 4.3). Recall that for a compact subset Ω
in a complete minimal hypersurface M in Hn+1, the index of Ω is defined to be
the number of negative eigenvalues of the stability operator L := ∆ − |A|2 + n
on Ω, counting the multiplicity. The index of M is defined as the infimum of
Index(Ω) for all compact subset Ω. Moreover we provide a family of complete
minimal hypersurfaces in Hn+1, which is an extension of Mori’s result to higher
dimensional cases (Theorem 4.4). Finally we investigate stability of helicoids in H3
in Section 5.
2. First eigenvalue estimates
In this section we first extend Candel’s result to a simply connceted complete
minimal surface in a Riemannian manifold. The proof is actually based on Candel’s
proof.
Theorem 2.1. Let Σ be a simply connected stable minimal surface in a 3-dimensional
simply connected Riemannian manifold N3 with sectional curvature KN satisfying
−b2 ≤ KN ≤ −a2 < 0 for 0 < a ≤ b. Then the first eigenvalue of Σ satisfies
1
4
a2 ≤ λ1(Σ) ≤ 4
3
b2.
Proof. First we find an upper bound for λ1(Σ). Let {e1, e2, e3} be orthonormal
frames in N such that the vectors {e1, e2} are tangent to M and e3 is normal to
M . The Gauss curvature equation implies that the sectional curvature KΣ of Σ
satisfies
KΣ = R
1
212 + h11h22 − h212
= R1212 −
|A|2
2
≤ −a2 − |A|
2
2
< 0,(2.1)
where R1212 is the sectional curvature of N for the section determined by e1, e2
and hij = 〈∇¯eie3, ej〉, ∇¯ denoting Riemannian connection of N
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connected and has negative Gaussian curvature, there are global polar coordinates
about any point in Σ. Using this polar coordinates, the metric tensor g of Σ can
be written as
g = dr2 + φ(r, θ)2dθ2,
where φ(0, θ) = 0 and
∂φ
∂r
∣∣∣
(0,θ)
:= φr(0, θ) = 1.
Using the equality (2.1) and Ric(e3) = R
3
131+R
3
232, the stability inequality (1.2)
becomes
0 ≤
∫
Σ
|∇f |2 − (|A|2 +Ric(e3))f2dv
≤
∫
Σ
|∇f |2 − (R3131 +R3232 + 2R1212 − 2KΣ)f2dv
≤
∫
Σ
|∇f |2 + 2KΣf2 + 4b2f2dv.(2.2)
Since the inequality (2.2) holds for all compactly supported Lipschitz function f on
Σ, we shall choose some specific functions which depend only on the distance r to
the origin of the polar coordinates in Σ. More precisely, given R > 0, we consider a
family F of radial function f such that f(0) = 0, f(r) = 0 for r ≥ R > 0 and f(r)
is piecewise linear in r, that is, f ′′(r) = 0 except for finitely many values of r. Note
that the Gaussian curvature KΣ = −φrr
φ
. Thus the inequality (2.2) can be written
as
2
∫ 2pi
0
∫ R
0
f2φrrdrdθ ≤
∫ 2pi
0
∫ R
0
f2r φdrdθ + 4b
2
∫ 2pi
0
∫ R
0
f2φdrdθ.
Integrating the left side of the above inequality twice by parts and using the prop-
erties of the function f , we obtain
−
∫
Σ
KΣf
2dv =
∫ 2pi
0
∫ R
0
f2φrrdrdθ =
∫ 2pi
0
[
f2φr
]R
0
dθ − 2
∫ 2pi
0
∫ R
0
ffrφrdrdθ
=
∫ 2pi
0
[
− 2ffrφ
]R
0
dθ + 2
∫ 2pi
0
∫ R
0
(ffr)rφdrdθ
= 2
∫ 2pi
0
∫ R
0
(f2r φ+ ffrr)φdrdθ
= 2
∫ 2pi
0
∫ R
0
f2r φdrdθ = 2
∫
Σ
|∇f |2dv.(2.3)
Combining the inequality (2.2) with the equation (2.3), we get
3
∫
Σ
|∇f |2dv ≤ 4b2
∫
Σ
f2dv.
Hence it follows that
λ1(Σ) ≤ inf
f∈F
∫
Σ
|∇f |2dv∫
Σ f
2dv
≤ 4
3
b2.(2.4)
Now we estimate a lower bound of λ1(Σ). The Laplacian of the distance function
r on Σ ⊂ N satisfies [9]
∆r ≥ a(2− |∇r|2) coth ar ≥ a.
Integrating both sides over Ω ⊂ Σ, we get
aArea(Ω) ≤
∫
Ω
∆rdv =
∫
∂Ω
∂r
∂ν
ds ≤ Length(∂Ω).(2.5)
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Recall that the Cheeger constant of a Riemannian manifold M , h(M) is defined by
h(M) := inf
Ω
Length(∂Ω)
Area(Ω)
,
where Ω ranges over all open submanifold of M , with compact closure in M , and
smooth boundary. Then applying Cheeger’s inequality [5] and inequality (2.5), we
obtain
λ1(Σ) ≥ 1
4
h(Σ)2 =
1
4
a2.(2.6)
Therefore the theorem follows from (2.4) and (2.6). 
The first eigenvalue of a complete minimal hypersurface in the hyperbolic space
is bounded below by a constant (n−1)
2
4 as mentioned in the introduction. We give
an upper bound for a stable minimal hypersurface with finite L2-norm of the second
fundamental form of M .
Theorem 2.2. Let M be a complete stable minimal hypersurface in Hn+1 with∫
M |A|2dv <∞. Then we have
(n− 1)2
4
≤ λ1(M) ≤ n2.
Remark. There is no nontrivial example of such complete minimal hypersurfaces
in Rn+1, since do Carmo and Peng [4] proved that a complete stable minimal hy-
persurface M in Rn+1 with
∫
M
|A|2dv <∞ must be a hyperplane. However, there
exist several examples of complete minimal hypersurfaces with finite L2-norm of
the second fundamental form in the hyperbolic space as we will see in Section 4
and 5. Note that we do not assume that M is simply connected, which is different
from Candel’s result.
Proof. It is sufficient to show that λ1(M) ≤ n2 by the inequality (1.1).
Take a function f as follows. For a fixed point p ∈M and a fixed R > 0, define
a function f :M → R by
f(x) =


1 , r(x) ≤ R,
2− r(x)
R
, R ≤ r(x) ≤ 3R,
−1 , 3R ≤ r(x) ≤ 4R,
−5 + r(x)
R
, 4R ≤ r(x) ≤ 5R,
0 , r(x) ≥ 5R,
where r(x) is the distance from p to x in M . Then it follows that
∫
M f < 0. For
0 ≤ t ≤ R, we now consider a family of functions {ft} defined by
ft(x) =


1 , r(x) ≤ R,
2− r(x)
R
, R ≤ r(x) ≤ 2R+ t,
− t
R
, 2R+ t ≤ r(x) ≤ 4R+ t,
−5 + r(x)
R
, 4R+ t ≤ r(x) ≤ 5R,
0 , r(x) ≥ 5R.
Then it is easy to see that there exists t0, 0 < t0 < R, such that
∫
M ft0 = 0. From
the definition of λ1(M) and λ1(BR) for a ball BR of radius R centered at p, it
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follows
λ1(M) ≤ λ1(BR) ≤
∫
BR
|∇φ|2∫
BR
φ2
(2.7)
for any compactly supported Lipschitz function φ satisfying
∫
BR
φ = 0.
Now put |A|ft0 for φ in the inequality (2.7). Then
λ1(M)
∫
BR
|A|2f2t0dv ≤
∫
BR
|∇(|A|ft0)|2dv
=
∫
BR
|∇|A||2f2t0dv +
∫
BR
|A|2|∇ft0 |2dv + 2
∫
BR
|A|ft0〈∇|A|,∇ft0〉dv.
Moreover, using Schwarz inequality, for any positive number α > 0, we have
2
∫
BR
|A|ft0〈∇|A|,∇ft0〉dv ≤ α
∫
BR
|A|2|∇ft0 |2dv +
1
α
∫
BR
|∇|A||2f2t0dv.
Therefore we obtain
(2.8) λ1(M)
∫
BR
|A|2f2t0dv ≤ (1+
1
α
)
∫
BR
|∇|A||2f2t0dv+(1+α)
∫
BR
|A|2|∇ft0 |2dv.
On the other hand, Chern, do Carmo, and Kobayashi [7] showed that∑
hij∆hij = −
∑
h2ijh
2
kl − n
∑
h2ij .(2.9)
Furthermore, we have
|A|∆|A| + |∇|A||2 = 1
2
∆|A|2 =
∑
h2ijk +
∑
hij∆hij(2.10)
Combining (2.9) with (2.10), we get
|A|∆|A|+ |A|4 + n|A|2 = |∇A|2 − |∇|A||2.
However the curvature estimate by Xin [16] says that
|∇A|2 − |∇|A||2 ≥ 2
n
|∇|A||2,
and hence we have
|A|∆|A|+ |A|4 + n|A|2 ≥ 2
n
|∇|A||2.
Multiplying both sides by a Lipschitz function f2 with compact support in BR ⊂M
and integrating over BR, we have∫
BR
f2|A|∆|A|dv +
∫
BR
f2|A|4dv + n
∫
BR
f2|A|2dv ≥ 2
n
∫
BR
f2|∇|A||2dv
The divergence theorem yields that
0 =
∫
BR
div(|A|f2∇|A|)dv =
∫
BR
f2|A|∆|A|dv +
∫
BR
|∇|A||2f2dv + 2
∫
BR
|A|f〈∇|A|,∇f〉dv.
Therefore∫
BR
f2|A|4dv + n
∫
BR
f2|A|2dv −
∫
BR
|∇|A||2f2dv − 2
∫
BR
|A|f〈∇|A|,∇f〉dv
≥ 2
n
∫
BR
f2|∇|A||2dv.(2.11)
Since M is stable, we have∫
M
|∇φ|2 − (|A|2 − n)φ2dv ≥ 0
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for any compactly supported function φ on M . Substituting |A|f for φ gives∫
BR
|∇(|A|f)|2 − (|A|2 − n)|A|2f2dv ≥ 0.
Thus ∫
BR
|A|2|∇f |2dv +
∫
BR
|∇|A||2f2dv + 2
∫
BR
|A|f〈∇|A|,∇f〉dv
≥
∫
BR
|A|4f2dv − n
∫
BR
|A|2f2dv.(2.12)
By (2.11) and (2.12), we obtain, for any compactly supported Lipschitz function f∫
BR
|A|2|∇f |2dv + 2n
∫
BR
|A|2f2dv ≥ 2
n
∫
BR
|∇|A||2f2dv.(2.13)
Combining (2.8) with the inequality obtained by substituting ft0 for f in (2.13),
we get
(2.14)
{
1+
2n(1 + α)
λ1(M)
}∫
BR
|A|2|∇ft0 |2dv ≥
{ 2
n
− 2n(1 +
1
α )
λ1(M)
}∫
BR
|∇|A||2f2t0dv.
Now suppose that λ1(M) > n
2. Choosing α > 0 sufficiently large and letting
R→∞, we obtain ∇|A| ≡ 0, i.e., |A| is constant. However, since ∫M |A|2 <∞ and
the volume of M is infinite, it follows from the above inequality (2.14) that |A| ≡ 0
which means that M is a totally geodesic hyperplane. Since the first eigenvalue of
totally geodesic hyperplane in Hn+1 is equal to
(n− 1)2
4
, this is a contradiction.
Therefore we get λ1(M) ≤ n2. 
3. Sufficient conditions for stability of minimal hypersurfaces in
H
n+1
In this section we prove that if |A| is bounded by a sufficiently small constant at
every point in a complete minimal hypersurface M in the hyperbolic space, then
M must be stable. More precisely,
Theorem 3.1. LetM be a complete minimal hypersurface in Hn+1. If |A| ≤ (n+1)24
at every point in M , then M is stable.
Proof. Since the lower bound of the first eigenvalue ofM is (n−1)
2
4 by the inequality
(1.1), we have
(n− 1)2
4
≤ λ1(M) ≤
∫
M
|∇f |2∫
M f
2
for every compactly supported Lipschitz function f on M . Hence the assumption
that |A|2 ≤ (n+1)24 implies∫
M
|∇f |2 − (|A|2 − n)f2dv ≥
∫
M
(λ1(M) + n− |A|2)f2dv ≥ 0,
which completes the proof. 
It is well-known that the following Sobolev inequality [11] on a minimal hyper-
surface M in Hn+1 holds(∫
M
|f | 2nn−2 dv
)n−2
n ≤ Cs
∫
M
|∇f |2dv,(3.1)
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where Cs is the Sobolev constant which dependent only on n ≥ 3. Using this
inequality one obtains another sufficient condition for minimal hypersurfaces to be
stable.
Theorem 3.2. Let M be a complete minimal hypersurface in Hn+1, n ≥ 3. If∫
M
|A|ndv ≤ ( 1Cs )
n
2 , then M is stable.
Proof. It suffices to show that∫
M
|∇f |2 − (|A|2 − n)f2dv ≥ 0
for all compactly supported Lipschitz function f . By Sobolev inequality (3.1), we
have
(3.2)
∫
M
|∇f |2 − (|A|2 − n)f2dv ≥ 1
Cs
(∫
M
|f | 2nn−2 dv
)n−2
n −
∫
M
|A|2f2dv.
On the other hand, applying Ho¨lder inequality, we get∫
M
|A|2f2dv ≤
( ∫
M
|A|ndv
) 2
n
(∫
M
|f | 2nn−2 dv
)n−2
n
.(3.3)
Combining (3.2) with (3.3) we have∫
M
|∇f |2 − (|A|2 − n)f2dv ≥
{ 1
Cs
−
(∫
M
|A|ndv
) 2
n
}(∫
M
|f | 2nn−2 dv
)n−2
n
≥ 0, (by assumption)
which completes the proof. 
4. Catenoids in Hn+1
In [3], do Carmo and Dajczer proved that there exist three types of rotationally
symmetric minimal hypersurfaces in Hn+1. Following [3], we say that a rotation-
ally symmetric minimal hypersurface M is a spherical catenoid, if M is foliated
by spheres, a hyperbolic catenoid, if it is foliated by hyperbolic spaces, and a par-
abolic catenoid, if it is foliated by horospheres. Do Carmo and Dajczer showed
that the complete hyperbolic and parabolic catenoids in H3 are all globally stable.
Furthermore they also proved that there exist some unstable spherical catenoids
in H3. In what follows, we shall denote by Ln+1 the space of (n + 1)-tuples
x = (x1, · · · , xn+1) with Lorentzian metric 〈x, y〉 = −x1y1+x2y2+ · · ·+xn+1yn+1,
where y = (y1, · · · , yn+1). The hyperbolic space Hn is the simply connected hyper-
surface of Ln+1 defined by Hn = {x ∈ Ln+1 : 〈x, x〉 = −1, x1 ≥ 1}.
To state their result for unstable spherical catenoids in H3, we parametrize a
spherical catenoid in H3 as follows. (See [3] and [13].) For each constant a > 1/2,
define the mapping fa : R× S1 → H3 by
fa(s, θ) =
(√
a cosh(2s) +
1
2
coshφ(s),
√
a cosh(2s) +
1
2
sinhφ(s),√
a cosh(2s)− 1
2
cos θ,
√
a cosh(2s)− 1
2
sin θ
)
,
where φ(s) = (a2 − 1
4
)1/2
∫ s
0
1
(a cosh(2t) + 12 )(a cosh(2t)− 12 )1/2
dt.
Do Carmo and Dajczer observed that if 1/2 < a < c0, c0 ≃ 0.69, then the
spherical catenoids Ma’s are unstable. We shall improve the upper bound c0 by
using the inequality (2.13), which is different from their method. Letting R → ∞
in (2.13), one can immediately obtain the following.
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Theorem 4.1. Let M be a complete stable minimal hypersurface in Hn+1 with∫
M
|A|2dv <∞. Then we have∫
M
|∇|A||2dv ≤ n2
∫
M
|A|2dv,
and hence the L2-norm of |∇|A|| is finite.
As a consequence of this Theorem 4.1, the upper bound c0 due to do Carmo and
Dajczer can be improved as follows.
Corollary 4.2. Spherical catenoid Ma in H
3 is unstable for 1/2 < a < c0, c0 ≃
0.73 .
Proof. We first observe that the spherical catenoid Ma satisfies
∫
Ma
|A|2dv < ∞.
To see this, we note that for a > 1/2
I = ds2 + (a cosh 2s− 1
2
)dt2,
|A|2 = 2(a
2 − 14 )
(a cosh 2s− 12 )2
,
dv = (a cosh 2s− 1
2
)
1
2 dsdt for a >
1
2
and 0 ≤ t ≤ 2pi.
Thus ∫
M
|A|2dv = 8pi(a2 − 1
4
)
∫ ∞
0
1
(a cosh 2s− 12 )
3
2
ds
< 8pi(a2 − 1
4
)
∫ ∞
0
1
(a+ as2 − 12 )
3
2
ds <∞.
Now define a function F (a) by
F (a) := 4
∫
M
|A|2dv −
∫
M
|∇|A||2dv.
Using |∇|A|| =
∣∣∣−
√
2(a2 − 1
4
)
2a sinh 2s
(a cosh 2s− 12 )2
∣∣∣, we have
F (a) = 32pi(a2 − 1
4
)
∫ ∞
0
{ 1
(a cosh 2s− 12 )
3
2
− a2 sinh
2 2s
(a cosh 2s− 12 )
7
2
}
ds.
By Theorem 4.1, we see that if Ma is stable for some a, then F (a) ≥ 0. How-
ever a straightforward computation by using a computer shows that F (a) < 0 for
1/2 < a < c0, c0 ≃ 0.73. Therefore we get the conclusion. 
As we have seen before, there exist some unstable catenoids in H3. Hence it
is interesting to find the index of such catenoids which measures the degree of
instability. It is well-known that catenoids have index 1 in R3. Very recently, Tam
and Zhou [15] proved that higher dimensional catenoids in Rn+1 with n ≥ 3 have
index one. Motivated by this, we shall prove the following result using the similar
arguments as in [15].
Theorem 4.3. Let M be a spherical catenoid in Hn+1. Then the index of M is at
most 1.
Proof. We may assume that M is unstable. It suffices to show that the second
eigenvalue λ2(D) ≥ 0 of the stability operator L = ∆+ |A|2 − n on some bounded
domainD ⊂M . We prove this theorem by contradiction. For this purpose, suppose
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that the index ofM is at least 2. Then there exists a domainD(R) = (−R,R)×Sn−1
such that λ2(D(R)) < 0 for R > 0.
Let f be the second eigenfunction satisfying
Lf = −λ2(D(R))f in D(R)
f = 0 on ∂D(R).
We claim that f is rotationally symmetric, that is, f(t1, · · · , tn−1, s) = f(s).
To see this, consider a generating curve α(s) := (x(s), y(s), z(s), 0, · · · , 0) ⊂ Hn+1
and its rotation axis {(coshu, sinhu, 0, · · · , 0)} ⊂ Hn+1. Let P0 be the totally
geodesic hyperplane such that P0 ⊥ α′(0) and α(0) = (1, 0, · · · , 0) ∈ P0. For any
vector v ∈ Sα(0)P0 := {v ∈ Tα(0)P0 : |v| = 1}, denote by Pv the (unique) totally
geodesic hyperplane such that α(0) ∈ Pv and Pv ⊥ v at α(0).
Let σv be the reflection across the hyperplane Pv. For any point p ∈ D(R),
define the difference function ϕv(t1, · · · , tn−1, s) by
ϕv(t1, · · · , tn−1, s) := f(t1, · · · , tn−1, s)− fv(t1, · · · , tn−1, s),
where fv(p) := f(σv(p)). Then it follows that ∆f = ∆fv. Thus
(4.1)
{
Lϕv = −λ2(D(R)) in D(R)
ϕv = 0 on ∂D(R) ∩ Pv.
Since Pv divides D(R) into two parts, we choose one of them and denote by
D+v (R). Note that D
+
v (R) is a minimal graph over a domain Pv. Hence D
+
v (R) is
stable. However from (4.1) and the assumption that λ2 < 0, it follows that ϕv ≡ 0.
As in the Euclidean space, any rotaion around the axis {(coshu, sinhu, 0, · · · , 0)} ⊂
H
n+1 can be expressed as a composition of finite number of reflections. Since v was
arbitrarily chosen, the claim is obtained.
On the other hand, since the second eigenfunction of the operator L changes
sign, there exists a number r0 ∈ (−R,R) satisfying f(r0) = 0. We may assume
that r0 ≥ 0 and the second eigenfunction f(s) > 0 on the domain D(r0, R) =
{(t1, · · · , tn−1, s) ∈ D(R) : s ∈ (ro, R)}. The function f is still an eigenfunction of
L on D(r0, R). Moreover it is easy to see that D(r0, R) is a minimal graph over the
hyperplane P0, which means that D(r0, R) is stable. This is a contradiction to the
assumption that λ2 < 0. Therefore we get the conclusion. 
Remark. When n = 2, we observed that a spherical catenoid Ma ⊂ H3 is unstable
if 1/2 < a < 0.73 in Corollary 4.2. It follows from the above theorem that these
spherical catenoids must have index 1.
We now describe stability of hyperbolic catenoids in the hyperbolic space Hn+1.
For that purpose, we give a parametrization of a hyperbolic catenoid generated
by a curve (x(s), y(s), z(s)) in the hyperbolic plane H2 which is parametrized by
arclength. It follows that
− x(s)2 + y(s)2 + z(s)2 = −1, x(s) ≥ 1(4.2)
−x′(s)2 + y′(s)2 + z′(s)2 = 1,(4.3)
f(t1, · · · , tn−1, s) = (x(s)ϕ1, · · · , x(s)ϕn, y(s), z(s)),(4.4)
ϕi = ϕi(t1, · · · , tn−1), −ϕ21 + ϕ22 + · · ·+ ϕ2n = −1,
where (ϕ1, · · · , ϕn) is an orthogonal parametrization of the hyperbolic space Hn−1.
From (4.2) and (4.3), y(s) and z(s) are determined by
y(s) =
√
x(s)2 − 1 sinφ(s),
z(s) =
√
x(s)2 − 1 cosφ(s),
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where φ(s) =
∫ s
0
√
x2 − x′2 − 1
x2 − 1 dt.
Using minimality and rotationally symmetric property of a catenoid, one can
see that the direction of the parameters are principal directions and the principal
curvatures are given by
λ1 = · · · = λn−1 = −
√
x2 − x′2 − 1
x
,
λn =
x′′ − x√
x2 − x′2 − 1 = (n− 1)
√
x2 − x′2 − 1
x
.
(See [3, Proposition 3.2].) Furthermore we can write down an ordinary differential
equation as follows [3, Lemma 3.15]:
x′ =
√
x2 − 1− a2x2(1−n), a = const.(4.5)
To find a unique solution of (4.5), we fix initial data as follows:
x(0) = t ≥ 1
x′(0) = 0.
Then from the initial data it follows that
a = tn−1
√
t2 − 1 ≥ 0.(4.6)
Moreover in order to have a nontrivial parametrization of a hyperbolic catenoid we
see that a > 0. Therefore for each constant t > 1 the parametrization f(t1, · · · , tn−1, s)
defines a hyperbolic catenoidMt in H
n+1. We now state a our result about stability
of hyperbolic catenoids in the hyperbolic space.
Theorem 4.4. Let Mt be a family of hyperbolic catenoids in H
n+1 defined as in
(4.4). Then Mt is a complete stable hypersurface in H
n+1 for 1 < t < 1 + (n+1)
2
4n(n−1) .
Proof. Observe that
|A|2 =
∑
λ2i = (n− 1)λ21 + λ2n = (n− 1)λ21 + (n− 1)2λ21
= n(n− 1)λ21
= n(n− 1)x
2 − x′2 − 1
x2
= n(n− 1) a
2
x2n
(by (4.5))
= n(n− 1) t
2(n−1)(t2 − 1)
x2n
. (by (4.6))
Since x(s) is monotonically increasing by (4.5), we get x(s) ≥ x(0) = t > 1. There-
fore |A|2 ≤ n(n− 1)(t2 − 1). The assumption on t implies that |A|2 ≤ (n+1)24 . The
conclusion follows from Theorem 3.1. 
Remark. It is not hard to see that the family {Mt} of hyperbolic catenoids in the
above theorem satisfy
∫
Mt
|A|2dv < ∞ by using √x2 − 1− a2 < x′ < √x2 − 1,
which is obtained from equality (4.5) and the fact that x > 1.
5. Helicoids in H3
Let l be a geodesic in H3. Let {ψt} be the translation of distance t along l and
let {ϕt} be the rotation of angle t around l. Given any α ∈ R, one can see that
λ = {λt} = {ψt ◦ ϕαt} is a one-parameter subgroup of isometries of H3 which is
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called a helicoidal group of isometries with angular pitch α. A helicoid in H3 is a
λ-invariant surface. (See [14].) In 1989, Ripoll [14] proved that a helicoid Mα with
angular pitch |α| < 1 is stable by showing that suchMα foliates H3. In this section,
we improve the upper bound of angular pitch |α| by simple arguments.
A helicoid Mα ⊂ H3 ⊂ L4 can be written explicitly as follows [1] :
X(s, t) = (cosh s cosh t, sinh s cosh t, cosαs sinh t, sinαs sinh t).
A little computation shows that the first and second fundamental forms of Mα are
given by
I = (cosh2 t+ α2 sinh2 t)ds2 + dt2,
II = −2 α√
cosh2 t+ α2 sinh2 t
dsdt.
Since cosh2 t+ α2 sinh2 t ≥ 1, it follows
|A|2 = α
2
cosh2 t+ α2 sinh2 t
+
α2
(cosh2 t+ α2 sinh2 t)3
≤ 2α2.
The following theorem is an immediate consequence of Theorem 3.1.
Theorem 5.1. A helicoid Mα with angular pitch |α|2 ≤ 98 is stable.
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